Abstract-In this paper, we propose an algorithm to maximize downlink rate performance in the context of multiple-input multiple-output (MIMO) Heterogeneous Networks (HetNets). Specifically, we evaluate the benefits of flexible duplexing, a promising strategy that consists in combining uplink and downlink cells within the same channel use. In order to handle intercell interference, we rely on the interference alignment (IA) technique, taking into account the impact of the channel estimation errors on the inter-cell interference leakage. Determining the best uplink/downlink configuration is a combinatorial problem, and therefore we consider several approaches to reduce the computational demands of the problem. First, we use a statistical characterization for the average rates achieved by IA in order to avoid the calculation of alignment solutions for all possible settings in the network. Additionally, we propose two hierarchical switching (HS) strategies so that only a subset among the total number of combinations is explored. As a performance baseline, we include in the comparison the conventional time division duplex (TDD) approach and the well-known minimum mean square error (MMSE) decoder. The obtained results show that downlink rates achieved by implementing flexible duplexing and applying inter-cell IA significantly outperform conventional TDD transmissions. Finally, the proposed hierarchical schemes are shown to obtain almost the same rates as exhaustive search with much lower computational cost.
I. INTRODUCTION
Recently, in the context of the 5-th generation of mobile communications (5G), heterogeneous networks (HetNets) have arised as a promising set of network topologies comprised of nodes and cells of different characteristics combined within the same system [1] . Among the vast diversity of scenarios under the denomination of HetNets, flexible duplexing (also known as reverse-TDD or dynamic-TDD in the literature) emerges as an access technique that allows both uplink and downlink cells coexisting in the same time and frequency band. This strategy relies on the fact that different uplink/downlink (UL/DL) combinations originate different interference levels at the input of the receivers, hence playing a paramount role in the system performance.
Although the interest in flexible duplexing is quite recent, several studies have been performed in order to analyze the potential benefits that combining uplink and downlink cells can provide. A first general analysis of massive MIMO, small cells and flexible duplexing is discussed in [2] , where the first evidence of rate benefits of advanced TDD techniques is included. Further, a reverse-TDD scheme is considered in [3] for massive MIMO HetNets with a dense tier of small cells. Shortly afterwards, an interference management study in the context of flexible duplexing dense HetNets with wireless backhaul is presented in [4] . A more general analysis is performed in [5] building on the so-called α-duplex model. Additionally, the coexistence of FDD flexible duplexing systems is studied in [6] in terms of downlink transmit power, and frame structures for interference mitigation in flexible duplexing transmissions can be found in [7] , [8] , [9] .
Besides the UL/DL combination itself, the interference management strategy implemented at the transmitters and receivers in the network has a significant impact on the achieved performance. In this sense, interference alignment (IA) has been shown to provide excellent results in scenarios where the magnitude of the interfering signals is similar to the desired signal level. However, the existing works considering the implementation of IA in HetNets are still scarce. The feasibility of alignment for flexible duplexing 2-cell networks is analyzed in [10] , [11] , and authors in [10] establish that the existence of degrees-of-freedom (DoF) benefits due to the implementation of flexible duplexing depends on the network topology. Further DoF evaluation of 2-cell flexible duplexing HetNets is included in [12] , whereas these studies are extended to a multi-cell network model in [13] . Additionally, a discussion on the applicability of interference alignment in flexible duplexing experimental deployments can be found in [14] .
Nevertheless, despite these research efforts, the task of finding the best UL/DL combination for a given figure of merit (e.g., the total downlink rate in the network) has not been addressed in the existing literature. Therefore, in this work we present an analysis of 2-tier multicell flexible duplexing HetNets where IA precoding and decoding vectors are applied in order to mitigate inter-cell interference. We use statistical expressions to characterize the average rates while reducing the computational cost of exploring the different uplink/downlink combinations. Finally, we propose two hierarchical switching (HS) methods that allow to find the UL/DL combination that maximizes downlink rates with no need of exploring all the possible network configurations, and we evaluate their performance by means of Monte Carlo simulations.
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A. Notation
Uppercase and lowercase boldface letters will be used for matrices and column vectors, respectively. (·)
T will represent transpose, whereas (·)
H denotes conjugate transpose (Hermitian). Additionally, I stands for the identity matrix. Finally, E[X] represents the expected value of a random variable X.
II. SYSTEM MODEL AND PROBLEM STATEMENT
In this section, we describe the HetNet that we have considered for our study. Such network is comprised of two tiers, namely, a set of G m macrocells, and a set of G p small cells located within the coverage area of the different macrocells, being G = G m + G p the total number of cells. Hereinafter, and without loss of generality, we will refer to the latter as picocells; nevertheless, the results obtained in this work can be applied to a wider range of cell categories. Furthermore, the base stations (BS) corresponding to the macrocells have N BS antennas and transmit power P BS , whilst the access points (AP) associated to the different picocells are equipped with N AP antennas and have a transmit power level of P AP . Analogously, user equipments (UE) in both macro and picocells have N UE antennas and transmit power P UE . Each cell handles its own intra-cell interference internally, thus we can model the scenario under study as a MIMO interference channel where each cell has a single active user and the different interfering links represent intercell interference. This setting is depicted in Fig. 1 ,where blue arrows represent downlink transmission and green lines correspond to the uplink.
A. Interference Alignment in Flexible Duplexing networks
As shown in Fig. 1 , we allow the different cells in our network to be in either uplink or downlink within the same time slot. Each uplink/downlink configuration out of the 2 G total combinations is associated to a different MIMO interference channel. In order to handle inter-cell interference, we apply interference alignment, hence satisfying the following conditions
Condition (1a) is intended to cancel the interference generated by every UE j in uplink mode at the input of a base station (access point) g in an uplink cell, where
is the precoding vector and H g, j ∈ C NBS ×NUE (H g, j ∈ C NAP ×NUE ) represents the channel matrix from user j to base station (access point) g. Analogously, condition (1b) is associated to the interference from a base station or access point in downlink mode at the input of a base station (access point) in uplink. Conditions (1c) and (1d) take into account the interference at the input of a UE in downlink configuration, coming from both users in uplink and base stations or access points in downlink, respectively. The dimensions of the different elements in conditions (1b) to (1d) can be straightforwardly derived as in condition (1a).
Furthermore, we have to guarantee that the desired signals within each cell are preserved, by satisfying the following conditions:
Note that conditions (2a) and (2b) refer to the rank preservation for both uplink and downlink cells, respectively.
One of the requirements for IA to be applied is the availability of channel state information (CSI). In our model, we consider an imperfect channel estimate defined aŝ
where
representing additive white Gaussian noise (AWGN) variance.
Regarding parameter γ, we consider the hybrid model in [15] :
• For low-mid signal-to-noise ratio (SNR), γ = 1 represents a scenario where the channel estimation impairments are dominated by noise.
• For high SNR, γ = 0, we consider that the channel estimate errors are mainly due to quantization impairments, and hence their value remains constant with respect to noise variances.
The parameter β is a control variable modeling the impact of SNR on channel estimation errors.
B. Problem statement
In this context, our goal is to determine the uplink/downlink combination that maximizes the total downlink rate of the HetNet over 2 time slots, establishing an downlink-to-uplink time ratio of 1:1, i.e., all cells switch transmit direction in consecutive slots 1 . For this purpose, we propose the following discrete optimization problem:
where R D g is the downlink rate for cell g over the 2 considered time slots, i.e.,
The signal-to-interference-plus-noise-ratio (SINR) for a given UE in downlink, SINR D g , is highly dependent on the transmission strategy implemented by the users in the network. Further, regardless of the transmission technique, the interference generated by the whole set of interfering cells is strongly related to the UL/DL configuration at any given time slot. For this reason, we include the control variables i g in the optimization problem, in such a way that the transmission direction of every cell is taken into account when the SINR is considered. Further details about the impact of variables i g on the SINR for all users are provided in Section III-B.
Although P 1 is a general problem that encompasses any interference management technique, in the next section we explain in detail how the UL/DL configuration of these flexible duplexing scenarios can be optimized when IA is implemented.
III. STATISTICAL ANALYSIS OF IA WITH IMPERFECT CSI
As explained in Section II-B, a G-cell multi-tier network gives rise to 2 G uplink/downlink combinations, which are reduced to 2 G−1 over 2 time slots due to the duality of the network in terms of rate. Therefore, evaluating the rate performance of every single setting is computationally demanding, especially due to the calculation of a different set of IA precoding and decoding vectors for each uplink/downlink setting. In order to reduce the complexity of determining the best combination, we have adapted the statistical characterization of IA presented in [16] to take into account the interference leakage due to the imperfect channel estimation.
A. Interference leakage characterization
In this section, we explain how the inter-cell interference leakage is modeled, following the same line as in [15] . From (3), with H gj and E gj being independent Gaussian variables, H gj and H gj are jointly Gaussian. H gj is Gaussian distributed with meanĤ gj 1+η and statistically independent elements of variance η 1+η . This allows us to rewrite the actual channel as
where Υ gj is independent ofĤ gj , with distribution
From (5) and the IA conditions in (1), we can state that the interference leakage at the input of receiver g is given by
whereû g andv j are the decoders and precoders calculated from channel estimateĤ, i.e., û H gĤgjvj 2 = 0. P j is the transmit power for cell j, or equivalently, P UE in uplink cells and P BS (P AP ) in downlink cells. Additionally,
represents the normalized distance from transmitter j to receiver g with a path loss exponent α. Now, in order to obtain an expression characterizing the SINR for user g, SINR g , we need to obtain the interference leakage variance.
Proof:Ĥ gj and Υ gj are independent, and thereforeû g and v j (calculated fromĤ gj ) are independent of Υ gj . Also, Υ gj is Gaussian distributed and bi-unitary invariant, thus the termŝ u H g Υ gjvj are Gaussian random variables with zero mean and variance η 1+η . Since these terms are zero-mean:
B. Average rate performance Incorporating (7) to the statistical model in [16] , the SINR for UE in cell g is given by SINR g = ρ g X, where ρ g is a deterministic constant given by
As proven in [16] , since SINR g follows a scaled Beta distribution, the average rate achievable by user equipment k g when a random IA solution from the set S is used is given by Algorithm 1: Uplink/Downlink sequential switching. 
C. Hierarchical uplink/downlink switching
In order to reduce the computational cost of evaluating all the possible uplink/downlink combinations, we propose two different criteria to evaluate a subset of the total number of configurations in a given HetNet. For both of them, the main idea consists in starting with the given network in conventional TDD mode 2 . Then, a cell switches transmit direction with respect to the rest of cells, and the total downlink rate in the network is evaluated over 2 time slots so that all cells have transmitted in both directions at least once. If the downlink rate has been improved, the cell keeps the direction change, whereas if there is no improvement, the cell takes back to the previous state. The same procedure is repeated sequentially until every cell has evaluated the potential of the transmit direction switching. The switching sequence is described in Alg. 1.
The difference between the two proposed strategies originates from the hierarchical structure of the 2-tier HetNet under study. On the one hand, we can carry out the switching sequence in Alg. 1 starting with the macrocells (HS-Macro), and then continue with the picocells once macrocells have determined their best configuration. Nevertheless, as numerically observed by means of Monte Carlo simulations, picocells usually obtain the most significant benefit from flexible 2 Conventional TDD is actually a particular case out of the total 2 G−1 uplink/downlink settings in the HetNet duplexing in terms of per-cell rate. Therefore, we also consider performing the sequence in Alg. 1 starting with the picocells first (HS-Pico). Both approaches are compared to the optimal solution obtained by exhaustive search in Section IV.
IV. SIMULATION RESULTS
In this section we evaluate the benefits of flexible duplexing in terms of downlink rate for the 2-tier HetNets with imperfect CSI described in Section II. For this purpose, we consider two case studies:
• First, we analyze the rate improvements of flexible duplexing for a specific scenario which has been generated in order to observe how the different uplink/downlink settings affect the network behaviour.
• Afterwards, we have generated 100 independent spatial distributions for the nodes in the network, being the base stations at a deterministic location, whereas picocell access points and users of both tiers are distributed following a Poisson Point Process (PPP) around each BS location within its coverage area. Throughout all our simulations, we take β = 0.1, and we assume a channel quantization of 10 bits per MIMO channel matrix. This leads to an SNR threshold of 5 dB as calculated with the expressions in [17] , so that γ = 1 if SNR < 5 dB, and γ = 0 otherwise. Finally, notice that all the scenarios selected for evaluation satisfy the IA feasibility conditions in (1), (2) .
We compare the results obtained by IA to those provided by the well-known minimum mean square error (MMSE) receiver. In this case, dominant eigenmode transmission (DET) is implemented at the transmitter side. Therefore, the MMSE filter at a given receiver g, u MMSE g is calculated as
(10) where w g ∈ C N ×1 is the principal eigenvector of channel estimateĤ gg , and
is the covariance matrix of the inter-cell interference.
A. Maximum downlink rate by exhaustive search
In this case, we consider a network with G m = 2 macrocells and G p = 3 picocells. All nodes in the network are equipped with N BS = N AP = N UE = 3 antennas. Although power levels in local area network (LAN) standards are usually lower, we take into account the worst case scenario with the maximum transmit power for the UE in long-term evolution (LTE) communications, i.e, P UE = 24dBm for all user equipments. Naturally, base stations and access points have a higher transmitted power, thus we set P BS = 34dBm and P AP = 31dBm. The spatial distribution of the cells in terms of normalized distance is displayed in Fig. 2 .
For the scenario in Fig. 2 , the rate performance achieved by conventional TDD and the best flexible duplexing configuration have been evaluated over 100 independent channel realizations. The average downlink rates obtained by both approaches is shown for comparison in Fig. 3 .
In this case, the optimal downlink rate is achieved when both macrocells are transmitting in the same mode as the upper-left picocell, whilst the remaining picocells are reversed. From the schematic representation in Fig. 2 , it can be noticed that all picocells are located in the coverage edge of both macro BS, as well as significantly close to each other. Hence, when conventional TDD is applied, the inter-cell interference level generated at the input of the picocells users is considerably higher than that of the optimal flexible duplexing mode.
As observed in Fig. 3 , the best flexible duplexing combination outperforms conventional TDD by approximately 25% in terms of downlink rate performance. Although this improvement comes at the price of a lower uplink rate, the uplink performance difference is still below 15% and thus the selected uplink/downlink combination provides the best overall performance as well.
Once we have studied the potential benefits of flexible duplexing over the conventional approach, we address the comparison of the IA strategy with the well-known MMSE technique for the scenario depicted in Fig. 2 . Again, we intend to find the UL/DL combination that maximizes total downlink rate over the 2 considered time slots, by means of exhaustive search. Figure 4 shows the total downlink rates obtained by both IA and MMSE. The comparison among conventional TDD and flexible duplexing is included as well for both schemes, in such a way that we can study the impact of every transmission technique on the potential benefits that UL/DL combining provides over standard TDD.
As expected, IA outperforms the MMSE approach with both conventional and Flexible TDD in the mid to high SNR regime. Notice that, for low SNR values, MMSE closes the gap with respect to IA. This is due to the strong relationship between the channel estimation impairments and the interference leakage level. More specifically, as detailed in Sections II-A and III-A, the channel estimation errors are modeled as a function of the SNR. Therefore, as the SNR decreases, the interference leakage remaining after applying the IA beamformers and filters is more significant, hence penalizing the performance.
Regarding the potential benefits that each transmission method can achieve by applying flexible duplexing, it can be observed in Fig. 4 that the improvement is similar for both techniques in absolute values. However, the impact of UL/DL optimization is higher for MMSE when compared to the performance of standard duplexing. It can be intuitively established that, since the residual interference after decoding is more significant in the case of MMSE, this strategy will be more benefited when finding the UL/DL combination that minimizes the inter-cell interference at the receivers.
B. Hierarchical approaches for PPP distributed deployments
As mentioned in Section III-C, the computational cost of evaluating all the possible flexible duplexing combinations by exhaustive search is significantly high, even when statistical rate expressions allow to avoid the calculation of IA solutions for every single uplink/downlink setting. In this section, we evaluate the two proposed hierarchical heuristic approaches introduced in Algorithm 1, and we compare them to the optimal solution. For that purpose, we generate 100 independent PPP spatial distributions of a 2-tier HetNet with 2 macrocells and 4 picocells, each one associated to an independent channel realization. BS and AP are equipped with N BS = N UE = 5 antennas, whereas every UE has N UE = 2 antennas. The transmit power levels remain the same as in Section IV-A. Figure 5 shows the downlink rate improvement of the three strategies with respect to conventional TDD, averaged over the 100 independent PPP realizations. From the black curve, representing the improvement attained with exhaustive search among all the possible combinations, we can establish that flexible duplexing outperforms conventional transmission by up to almost 30% at high-SNR regimes. As expected, the HS-Pico approach slightly outperforms its analogous HS-Macro. Notice that, as discussed in Section IV-A, the picocells of the network get the most benefit of flexible duplexing when compared to the macro tier. Finally, it can be observed that both hierarchical approaches provide rates significantly close to the results obtained by means of exhaustive search, with the additional advantage of their reduced computational cost.
V. CONCLUSION
In this work, we have addressed a rate analysis of 2-tier flexible duplexing MIMO HetNets where IA precoders and decoders are applied to cancel inter-cell interference. Since determining the optimal uplink/downlink configuration that maximizes the total downlink rate is a combinatorial problem, we have developed approaches to reduce the computational cost associated to the evaluation of each up/down setting. By means of Monte Carlo simulations, we have studied the performance of the proposed techniques. At low-mid SNR, the channel estimation errors are dominated by noise, and hence flexible duplexing has no noticeable impact on intercell interference variances. Nevertheless, we have shown that implementing flexible duplexing provides remarkable benefits when compared to conventional TDD transmissions, reaching improvements of almost 30% in high-SNR, interference limited regimes.
